EXTENSION THEOREMS, NON- VANISHING AND 
THE EXISTENCE OF GOOD MINIMAL MODELS 



JEAN-PIERRE DEMAILLY, CHRISTOPHER D. HACON 
AND MIHAI PAUN 

Abstract. We prove an extension theorem for effective pit pairs 
{X,S + B) of non- negative Kodaira dimension k{Kx + S + B) > 0. 
The main new ingredient is a refinement of the Ohsawa-Takegoshi 
extension theorem involving singular hermitian metrics. 



1. Introduction 

Let X be a complex projective variety with mild singularities. The 
aim of the minimal model program is to produce a birational map 
X --->• X' such that: 

(1) If Kx is pseudo-effective, then X' is a good minimal model so 
that Kx' is semiample; i.e. there is a morphism X' ^ Z and 
Kx' is the pull-back of an ample Q-divisor on Z. 

(2) If Kx is not pseudo-effective, then there exists a Mori-Fano 
fiber space X' — )■ Z, in particular —Kx' is relatively ample. 

(3) The birational map X X' is to be constructed out of a 
finite sequence of well understood "elementary" birational maps 
known as flips and divisorial contractions. 

The existence of flips was recently established in |BCHM10] where it 
is also proved that if Kx is big then X has a good minimal model and 
if Kx is not pseudo-effective then there is a Mori-Fano fiber space. The 
focus of the minimal model program has therefore shifted to varieties 
(or more generally log pairs) such that Kx is pseudo-effective but not 
big. 

Conjecture 1.1 (Good Minimal Models). Let {X, A) be an n- dimensional 
kit pair. If Kx + A is pseudo- effective then {X, A) has a good minimal 
model. 
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Note that in particular the existence of good minimal models for log 
pairs would imply the following conjecture (which is known in dimen- 
sion < 3 cf. |KMM94] . |Kollaretal92] ): 

Conjecture 1.2 (Non- Vanishing) . Let (X, A) be an n- dimensional kit 
pair. If Kx + A zs pseudo-effective then k{Kx + A) > 0. 

It is expected that fll.ip and fll.2p also hold in the more general con- 
text of log canonical (or even semi- log canonical) pairs (X, A). More- 
over, it is expected that the Non- Vanishing Conjecture implies exis- 
tence of good minimal models. The general strategy for proving that 
(11 ■2p implies (II .ip is explained in [FujinoOO] . One of the key steps is 
to extend pluri-log canonical divisors from a divisor to the ambient 
variety. The key ingredient is the following. 

Conjecture 1.3 (DLT Extension). Let {X, S+B) be an n- dimensional 
dlt pair such that yS + B\ = S, Kx + S -\- B is nef and Kx + S + B ~q 
D >0 where S C Supp(-D). Then 

H%X, Ox{m{Kx + S + B))) ^ H^iS, Os{m{Kx + S + B))) 

is surjective for all m > sufficiently divisible. 

We then have the following easy consequence (cf. (17.11) ): 

Theorem 1.4. Assume (ll.3P ->, holds and that (ll.2P r. holds for all semi- 
log canonical pairs. Then (II. ip ^ holds (i.e. (11.11) holds in dimension 
n). 



The main purpose of this article is to prove that Conjecture [L3] holds 
under the additional assumption that {X, S -\- B) is pit, see Theorem 
11.71 below. 

Remark 1.5. (II. 2p is known to hold in dimension < 3 cf |Kawamata92] . 
|Miyaoka88l, [KMM94], |FujinoOO| and when Kx+A is nef and k„{Kx+ 



A) = cf. |Nakayama04| . See also |Ambro04] and |FukudaO"2] for re- 
lated results. A proof of the case when X is smooth and A = has 
been announced in [Siu09j (this is expected to imply the general case cf. 

The existence of a good minimal models is known for canonical pairs 
(X, 0) where Kx is nef and k{Kx) = i^{Kx) cf. |Kawamata85aj . when 
k{Kx) = dim(X) by [ BCHMIO] and when the general fiber of the litaka 
fibration has a good minimal model by [LailOj . 

Birkar has shown that (11.20 implies the existence of minimal models 
(resp. Mori-Fano fiber spaces) and the existence of the corresponding 
sequence of flips and divisorial contractions cf. |Birkar 09^, 1.4]. The 
existence of minimal models for kit A-folds is proven in [Shokurov09] . 

We also recall the following important consequence of (II. ip (cf. |Birkar09] ) . 
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Corollary 1.6. Assume fll.ip „. Let (X, A) be an n- dimensional kit 
pair and A an ample divisor such that Kx + A + A is nef. Then any 
Kx + A-minimal model program with scaling terminates. 

Proof. If Kx + A is not pseudo-effective, then the claim follows by 
[BC^HMinj . 

If Kx + A is pseudo-effective, then by fll.4l) . we may assume that 
{X, A) has a good minimal model. The result now follows from |LailOj . 

□ 

We now turn to the description of the main result of this paper (cf. 
fll.7p ) which we believe is of independent interest. 

Let X be a smooth variety, and let S* + -B be a Q-divisor with simple 
normal crossings, such that S = [S + B\, 

Kx + S + B eFsef{X) and S N^{Kx + S + B). 

We consider tt : X — > X a log-resolution of (X, S + B), so that we have 

K^ + S + B = n*{Kx + S + B) + E 

where S is the proper transform of S. Moreover B and E are effective 
Q-divisors, the components of B are disjoint and E is vr-exceptional. 

Following |HM10] and |Paun08] . if we consider the extension obstruc- 
tion divisor 

E:=N^{\\K^ + S + B\\g)AB\^, 
then we have the following result. 

Theorem 1.7 (Extension Theorem). Let X be a smooth variety, S+B 
a Q-divisor with simple normal crossings such that 

(1) (X, 5+5) is pit (i.e. S is a prime divisor with mult s(S-\-B) = 1 
and [B\ = 0), 

(2) there exists an effective Q-divisor D ~q Kx + S + B such that 
S C Supp(D) C Supp(S' + B), and 

(3) S is not contained in the support of N„{Kx + S + B) (i.e., for 
any ample divisor A and any rational number e > 0, there is an 
effective Q-divisor D ~q Kx + S + B + eA whose support does 
not contain S). 

Let m be an integer, such that m{Kx -\- S -\- B) is Cartier, and let u be 
a section of m{Kx -\- S -\- B)\s, such that 

Ztt*{u) + fnElg > mS, 

where we denote by Zt,*(^u) the zero divisor of the section 7:*{u). Then 
u extends to X. 



The above theorem is a strong generalization of similar results avail- 
able in the literature (see for example |Siu98] . |SiuOO] . Takayama06| , 



|Takayama07] , |HM07] . |Paun07] . |Claudon07j . [EP07] . |dFH09j . |Var08] . 
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[PaunOSj . |Tsuji05| , [HMlOj . |BP10] l The main and important differ- 
ence is that we do not require any strict positivity from B. The posi- 
tivity of B (typically one requires that B contain an ample Q-divisor) 
is of great importance in the algebraic approach as it allows us to make 
use of the Kawamata-Viehweg Vanishing Theorem. It is for this reason 
that so far we are unable to give an algebraic proof of (11. 7p . In order 
to understand the connections between (II. 7p and the results quoted 
above, we mention here that under the hypothesis of Theorem 11.71 one 
knows that the section u'^'' ® sa extends to X, for each k and each 
section sa of a sufficiently ample line bundle A. Our contribution is to 
show that a family of extensions can be constructed with a very pre- 
cise estimate of their norm, as — ?■ oo. In order to obtain this special 
extensions we first prove a generalization of the version of the Ohsawa- 
Takegoshi Theorem (cf. |OT87j . [OhsawaOS] . |Ohsawa04] ) established 
in [Manivel 93]. [Var08] . |MV07] in which the existence of the divisor 
D, together with the hypothesis (3) replace the strict positivity of B. 
By a limit process justified by the estimates we have just mentioned 
together with the classical results in LelongGO] , we obtain a metric 



on Kx + S + B adapted to u, and then the extension of u follows by 
our version of Ohsawa-Takegoshi (which is applied several times in the 
proof of (dZD). 

Theorem 11.71 will be discussed in more detail in Section [31 In many 
applications the following corollary to (11.71) suffices. 

Corollary 1.8. Let Kx+S+B be a nef pit pair such that there exists an 
effective 'Q^- divisor D ~q Kx+S+B with S C Supp(D) C Supp(5'+-B). 
Then 

H%X, Ox{m{Kx + S + B))) ^ ifO(5, Os{m{Kx + S + B))) 

is surjective for all sufficiently divisible integers m > 0. 

In particular, if k{{Kx + S + B)\s) > 0, then the stable base locus 
of Kx + S + B does not contain S. 

This paper is organized as follows: In Section [2] we recall the neces- 
sary notation, conventions and preliminaries. In Section [3] we give some 
background on the analytic approach and in particular we explain the 
significance of good minimal models in the analytic context. In Section 
Hlwe prove a Ohsawa-Takegoshi extension theorem which generalizes a 
result of L. Manivel and D. Varolin. In Section [5] we prove the Exten- 
sion Theorem 11.71 Finally, in Section [7] we prove Theorem II. 4[ 

2. Preliminaries 

2.1. Notation and conventions. We work over the field of complex 
numbers C. 

Let -D = X] diDi and = ^ d'^Di be Q-divisors on a normal va- 
riety X, then the round-down of D is given by [-DJ := ^[rfjjZ^j 
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where \_di\ = maxj^ G Z|2 < di}. Note that by definition we have 
\D\ = IL^JI- We let DAD' := ^ min{di, and D V D' := 

^ max{(ij, The Q-Cartier divisor D is nef if ■ C > for 

any curve C G X. The Q-divisors D and D' are numerically equiv- 
alent D = D' a and only if {D - D') ■ C = for any curve C C X. 
The Kodaira dimension of D is 

k{D) := tr.degc (©™>oi/°(X, Ox(mD))) - 1. 

If k{D) > 0, then k{D) is the smallest integer k > such that 
\im mi h^{Ox{mD))/m^ > 0. We have k{D) e {-1, 0, 1, . . . , dimX}. 
If /t(-D) = dimX then we say that D is big. \i D = D' then D is big 
if and only if D' is big. If D is numerically equivalent to a limit of big 
divisors, then we say that D is pseudo-effective. 

Let y4 be a sufficiently ample divisor, and D is a, pseudo-effective 
Q-divisor, then we define 

K^{D) := max{k > 0| limsup — — _ — l!l — )! < +c)o}. 

It is known that k{D) < Ka{D) and equality holds when Kcr{D) = 
dimX. 

Let V C \D\ be a linear series, then we let Bs(\^) = {x G X\x G 
Supp(E) W E e V} he the base locus of V and Fix{V) = AsevE 
be the fixed part of |\^|. In particular \V\ = \V — F\ + F where 
F = Fix(\^). If ^ C \iD\ is a sequence of (non-empty) linear series such 
that Vi-Vj C Vi+j for all i,j > 0, then we let B(V,) = ni>oBs(Ei) be 
the stable base locus of V, and Fix(V,) = ni>oSupp(Fix(i?j)) be the 
stable fixed part of V,. When Vi = \iD\ and k{D) > 0, we will simply 
write Fix(D) = Fix(V.) and B{D) = B(V,). If D is pseudo-effective 
and A is an ample divisor on X, then we let B_(D) = IJ^^q^^ B{B+eA) 
be the diminished stable base locus. If C is a prime divisor, and 
D is a big Q-divisor, then we let 

aciD) = ini{multciD')\D' ~q D, D' > 0}, 

and if D is pseudo-effective then we let 

ac(D) = \im ac(D + eA). 

Note that (Jc{D) is independent of the choice of A and is determined 
by the numerical equivalence class of D. Moreover the set of prime 
divisors for which ac{D) 7^ is finite (for this and other details about 
ac{D), we refer the reader to |Nakayama04| ) . One also defines the 
M-di visor 

N^{D) = J2^c{D)C 

c 

so that the support of N„{D) equals IJ^gQ^^j Fix(i? + eA). 
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If is a normal prime divisor on a normal variety X, P is a prime 
divisor on S and D is a divisor such that S is not contained in B+(Z}) 
then we define 

cJp{\\D\\s) = inf{multp(D'|5)|I^' ~q D, D'>0, S<^ Supp(D')}- 

If instead D is a pseudo-effective divisor such that S ^ B_(Z}) then 
we let 

api\\D\\s) =\im ap{\\D + eA\\s). 

e-5-O 

Note that (Tp(| l^) is determined by the numerical equivalence class 
of D and independent of the choice of the ample divisor A. One can 
see that the set of prime divisors such that crp(||D||5) > is countable. 
For this and other details regarding crp(||D||5) we refer the reader to 
Section 9 of [HKlOj . We now define N„{\\D\\s) = Ep ^p(I 1^1 Is)^- 
Note that A^o-(| Is) is a formal sum of countably many prime divisors 
on S with positive real coefficients. 

2.2. Singularities of the mmp. If X is a normal quasi-projective 
variety and A is an effective Q-divisor such Kx + A is Q-Cartier, then 
we say that {X, A) is a pair. We say that a pair {X, A) is log smooth 
if X is smooth and the support of A has simple normal crossings. A 
log resolution of a pair {X, A) is a projective birational morphism / : 
y — )■ X such that Y is smooth, the exceptional set Exc(/) is a divisor 
with simple normal crossings support and /^T^A + Exc(/) has simple 
normal crossings support. We will write Ky + T = f*{Kx + A) + E 
where F and E are effective with no common components. We say that 
(X, A) is Kawamata log terminal or kit (resp. log canonical or 
Ic) if there is a log resolution (equivalently for any log resolution) of 
(X, A) such that the coefficients of F are < 1 (resp. < 1). We say that 
(X, A) is divisorially log terminal or dlt if the coefficients of A are 
< 1 and there is a log resolution such that the coefficients of F — f^^A 
are < 1 . In this case if we write A = S + B where S = ^ Si = [ AJ 
then each component of a stratum Sj = Si^^ H . . . H Si^ of S is normal 
and {Sj, As,) is dh where Ks, + As, = {Kx + A)\s,. If (X, A) is dlt 
and S* is a disjoint union of prime divisors, then we say that (X, A) 
is purely log terminal or pit. This is equivalent to requiring that 
{Si, A Si) is kit for all i. Often we will assume that S is prime. 

2.3. The minimal model program with scaling. A proper bira- 
tional map : X X' is a birational contraction if con- 
tracts no divisors. Let (X, A) be a projective Q-factorial dlt pair and 
: X --^ X' a birational contraction to a normal Q-factorial variety 
X', then (j) is Kx + A-negative (resp. non-positive) if a{E, X, A) < 
a(E,X',0*A) (resp. a{E,X,A) < a(E,X',0*A)) for all ^-exceptional 
divisors. If moreover Kx' + 0*A is nef then is a minimal model 
for (X, A) (or equivalently a Kx + A- minimal model). Note that 
in this case (by the Negativity Lemma), we have that a{E,X,A) < 
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a{E, X', 0,A) for all divisors E over X (resp. a{E, X, A) < a{E, X', 0,A)) 
and {X', 0* A) is dlt. If moreover Kx + 0* A is semiample, then we say 
that is a good minimal model for (X, A). Note that if is a good 
minimal model for (X, A), then 

(1) Supp(Fix(irx + A)) = Supp{N^{Kx + A)) = Exc(0) 

is the set of 0-exceptional divisors. Another important remark is that if 
is a minimal model, theniJ°(X, Ox{m{Kx+A))) = Cy (m(iry+ 

0*A))). More generally we have the following: 

Remark 2.1. If (p : X Y is a hirational contraction such that 
a{E, X, A) < a{E, X', 0* A) for every divisor E over X, then 

H%X, Ox{m{Kx + A))) = H\Y, OY{m{KY + 0.A))) 

for all m > 0. 

Let / : X — )■ Z be a proper morphism surjective with connected 
fibers from a Q-factorial dlt pair (X, A) such that p{X/Z) = 1 and 
— {Kx + A) is /-ample. 

(1) If dimZ < dimX, we say that / is a Fano-Mori contraction. 

(2) If dimZ = dimX and dimExc(/) = dimX — 1, we say that / 
is a divisorial contraction. 

(3) If dimZ = dimX and dimExc(/) < dimX — 1, we say that / 
is a flipping contraction. 

If / is a divisorial contraction, then {Z, /* A) is a Q-factorial dlt pair. 
If / is a flipping contraction, then by |BCHM10] . the flip f+:X+^Z 
exists, it is unique and given by 

X+ = Proj^ ©^>o f,Ox{m{Kx + A)). 

We have that the induced rational map : X --->• X"*" is an isomor- 
phism in codimension 1 and (X"'",0=kA) is a Q-factorial dlt pair. 

Let (X, A) be a projective Q-factorial dlt pair (resp. a kit pair), and 
A an ample (resp. big) Q-divisor such that Kx -|- A -|- A is nef. By 
[BCHMIO] . we may run the minimal model program with scaling 
of A, so that we get a sequence of birational contractions 0j : Xj ---> 
Xj_|_i where Xq = X and of rational numbers ti > tj+i such that 

(1) if Ai+i := (pi^Ai and if^+i = (pi^Hi, then (Xi,Ai) is a Q- 
factorial dlt pair (resp. a kit pair) for alH > 0, 

(2) Kx^ -|- Aj + tHi is nef for any t^ >t > tj+i, 

(3) if the sequence is finite, i.e. i = 0,1, . . . , N , then Kx^^ + Ajv + 
t^Hj^f is nef or there exists a Fano-Mori contraction Xjv — )■ Z, 

(4) if the sequence is infinite, then limtj = 0. 

If the sequence is finite, we say that the minimal model program with 
scaling terminates. Conjecturally this is always the case. 
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Remark 2.2. Note that it is possible that ti = tj+i. Moreover it is 
known that there exist infinite sequences of flops (of. |Kawamata97j j. 
i.e. Kx + A trivial maps. 

Remark 2.3. Note that if Kx + A is pseudo-effective then the sup- 
port of N„{Kx + A) contains finitely many prime divisors and it co- 
incides with the support of Fix(_ft'x + A + eA) for any < e ^ 1 (cf. 
|Nakayama04] ) . It follows that if the sequence of flips with scaling is 
infinite, then N„{Kx, + Aj) = for all i^ 

Theorem 2.4. // either 

(1) no component of yS \ is contained in 'B_{Kx+ A.) (eg. ifKx+A 
is big and kit), or 

(2) Kx + A is not pseudo-effective, or 

(3) (X, A) has a good minimal model, 

then the minimal model program with scaling terminates. 

Proof See |BCHM10j and jLmlO] . □ 

Remark 2.5. It is important to observe that in [BCHMIO] the above 
results are discussed in the relative setting. In particular it is known 
that if {X, A) is a kit pair and n : X ^ Z is a birational projective 
morphism, then (X, A) has a good minimal model over Z. More pre- 
cisely there exists a finite sequence of flips and divisorial contractions 
over Z giving rise to a birational contraction (j) : X --■> X' over Z 
such that Kx' + 0*A is semiample over Z (i.e. there is a projective 
morphism q : X' ^ W over Z such that Kx' + 0*A ~q q*A where A 
is a Q-divisor on W which is ample over Z). 

Remark 2.6. It is known that the existence of good minimal models for 
pseudo-effective kit pairs is equivalent to the following conjecture (cf. 
|GL10] ); // (X, A) is a pseudo-effective kit pair, then K,cr{Kx + A) = 
t^{Kx + A). 

Suppose in fact that (X, A) has a good minimal model say (X', A') 
and let f : X' ^ Z = Vio]R{Kx' + A') so that Kx' + A' = f*A fo r 
some ample Q-divisor A on Z . Following Chapter V of |Nakayama04| , 
we have 

K„{Kx + A) = K„{Kx' + A') = dimZ = k{Kx' + A') = k{Kx + A). 

Conversely, assume that k^{Kx + A) = k,{Kx + A) > 0. If n„{Kx + 
A) = dimX, then the result follows from [B CHMIOJ . IfK„{Kx + A) = 
0, then by |Nakayama04 V.1.11], we have that Kx + A is numerically 



equivalent to N^{Kx + A). By [BOHMIO] (cf Q A after finitely 
many steps of the minimal model program with scaling, we may assume 
that N^{Kx'+A') = and hence that Kx'+A' = 0. Since k{Kx+A) = 
0, we conclude that Kx'+A' ~q and hence (X, A) has a good minimal 
model. Assume now that < k,„{Kx + A) < dimX. Let / : X — )• 
Z = PToiR{Kx + A) be a birational model of the litaka fibration with 
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very general fiber F. By Chapter V of |Nakayama04| , we have that 
ti„{Kx + A) = K„{Kp + /S.\p) + dim Z , hut since dim Z = n{Kx + A), 
we have that Kcr{Kp + /S.\p) = 0. Thus {F,A\p) has a good minimal 
model. By |LailOj . (X, A) has a good minimal model. 

Recall the following result due to Shokurov known as Special Termi- 
nation: 

Theorem 2.7. Assume that the minimal model program with scaling 
for kit pairs of dimension < n — 1 terminates. Let {X, A) be a Q- 
factorial n-dimensional dlt pair and A an ample divisor such that Kx + 
A + A is nef. If (pi : Xi --^ Xj+i is a minimal model program with 
scaling, then (pi is an isomorphism on a neighborhood of [AjJ for all 
i > 0. 

// moreover Kx + A = D > and the support of D is contained 
in the support of [AJ then the minimal model program with scaling 
terminates. 

Proof. See IFujinoOT] . □ 

We will also need the following standard results about the minimal 
model program. 

Theorem 2.8. [Length of extremal rays] Let {X, A) be a Ic and {X, Aq) 

be a kit pair and f : X ^ Z be a projective morphism surjective with 
connected fibers such that p{X/Z) = 1 and —{Kx + A) is f -ample. 
Then there exists a curve S contracted by F such that 

< -{Kx + A) ■ S < 2dimX 
Proof See for example [BCHMlOl 3.8.1]. □ 

Theorem 2.9. Let f : X Z be a flipping contraction and (j) : X --■> 

X+ be the corresponding flip. If L is a nef and Cartier divisor such 
that L =z 0, then so is (f)^L. 

Proof. Easy consequence of the Cone Theorem, see for example [KM981 
3.7]. □ 

2.4. A few analytic preliminaries. We collect here some definitions 
and results concerning (singular) metrics on line bundles, which will be 
used in the sections that follow. For a more detailed presentation and 
discussion, we refer the reader to |Demailly90| . 

Definition 2.10. Let L X be a line bundle on a compact com- 
plex manifold. A singular hermitian metric on L is given in any 
trivialization 9 : L\^ ^ ^ C by 

where G L\^^{VL) is the local weight of the metric and = e~'^^ . 
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The difference between the notions of smooth and singular metrics 
is that in the latter case the local weights are only assumed to verify 
a weak regularity property. The hypothesis ^ -^ioc(^) needed in 
order to define the curvature current of (L, hi), as follows: 

/vr 

If the local weights ipi of hi are plurisubharmonic ("psh" for short, 
see |Demailly90| and the references therein), then we have Qhi^{L) > 0; 
conversely, if we know that if Qh^^L) > 0, then each ipi coincides 
almost everywhere with a psh function. 

We next state one of the important properties of the class of psh 
functions, which will be used several times in the proof of (11. 7p . Let /3 
be a C°°-form of (1, l)-type, such that d(3 = 0. Let ti and T2 be two 
functions in L^{X), such that 

/3 + y/^ddTj > 
on X, for each j = 1,2. We define r := max(ri, T2), and then we have 

/3 + y/^ddr > 
on X (we refer e.g. to |Demailly09| for the proof). 

2.5. Examples. One of the best known and useful examples of singu- 
lar metrics appears in the context of algebraic geometry: we assume 
that L®™ has some global holomorphic sections say {c^jjjej- Then 
there is a metric on L, whose local weights can be described by 

where the holomorphic functions {fj}jeJ C 0{Q) are the local expres- 
sions of the global sections {(yj}jeJ- The singularities of the metric 
defined above are of course the common zeroes of {(Xjjjgj. One very 
important property of these metrics is the semi-positivity of the curva- 
ture current 

as it is well known that the local weights induced by the sections 
{cTjljgj above are psh. If the metric hi is induced by one section 
a e H^{X, L®"^) with zero set Z^, then we have that 

hence the curvature is given (up to a multiple) by the current of inte- 
gration over the zero set of a. From this point of view, the curvature 
of a singular hermitian metric is a natural generalization of an effective 
Q-divisor in algebraic geometry. 
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A slight variation on the previous example is the following. Let L be 
a line bundle, which is numerically equivalent to an effective Q-divisor 

j 

Then D and L have the same first Chern class, hence there is an 
integer m > such that L®"* = O xifnD) ® p®"^ , for some topologically 
trivial line bundle p E Pic''(X). 

In particular, there exists a metric hp on the line bundle p whose 
curvature is equal to zero (i.e. the local weights ipp of hp are real parts 
of holomorphic functions) . Then the expression 

y., + ^z/Mog|/,f 

j 

(where fj is the local equation of Wj) is the local weight of a metric 
on L; we call it the metric induced by D (although it depends on the 
choice of hp). 

The following result is not strictly needed in this article, but we mention 
it because we feel that it may help to understand the structure of the 
curvature currents associated with singular metrics. 

Theorem 2.11. [Siu74j LetT he a closed positive current o/(l, l)-type. 
Then we have 

i>i 

where the are positive real numbers, and {Yj} is a (countable) family 
of hypersurfaces of X and A is a closed positive current whose singu- 
larities are concentrated along a countable union of analytic subsets of 
codimension at least two. 

We will not make precise the notion of "singularity" appearing in 
the statement above. We just mention that it is the analog of the 
multiplicity of a divisor. By Theorem 12. Ill we infer that if the curvature 
current of a singular metric is positive, then it can be decomposed into 
a divisor-like part (however, notice that the sum above may be infinite), 
together with a diffuse part A, which -very, very roughly-cor responds 
to a differential form. 

As we will see in Section H] below, it is crucial to be able to work 
with singular metrics in full generality: the hypothesis of all vanish- 
ing/extension theorems that we are aware of, are mainly concerned with 
the diffuse part of the curvature current, and not the singular one. Un- 
less explicitly mentioned otherwise, all the metrics in this article are 
allowed to be singular. 
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2.6. Construction of metrics. We considernow the following set-up. 
Let L be a Q-line bundle, such that: 

(1) L admits a metric — e~'^^ with positive curvature current 

(2) The Q-line bundle L is numerically equivalent to the effective 
Q-di visor 

jeJ 

where > and the restriction of /il to the generic point of 
Wi is well-defined (i.e. not equal to oo). We denote hy ho the 
metric on L induced by the divisor D. 

(3) Let ho be a non-singular metric on L; then we can write 

where ipj are global functions on X. Suppose that we have 

Working locally on some coordinates open set Q C X, if we let 
be the local weight of the metric Hl, and for each j e J we 
let fj be an equation of Wj fl Q, then the above inequality is 
equivalent to 

(t) (/.i>(/P, + Ei.^l0g|/,f 

jeJ 

(cf. the above discussion concerning the metric induced by a 
Q-divisor numerically equivalent to L). 

In this context, we have the following simple observation. 

Lemma 2.12. Let D, (Z X be a coordinate open set. Define functions 
(fiWi £ -^ioc(^) "^hich are the local weights of a metric on OxiWi), via 
the equality 

<Pl = i^ViVi + Vp+ ^ log \fj\^. 

Then (f) is equivalent to the inequality 

l/il^e-^^^i < 1 

at each point ofD,. 

Proof. It is a consequence of the fact that log are the local weights 

of the singular metric on Ox{Wj) induced by the tautological section 
of this line bundle, combined with the fact that L and Ox{D) are 
numerically equivalent. The inequality above is equivalent to (f). □ 



EXTENSION THEOREMS 



13 



2.7. Mean value inequality. We end this subsection by recalling a 
form of the mean value inequality for psh functions, which will be 
particularly useful in Section \5\ 

Let a be a smooth (1, 1) form on X, such that da = 0, and let 
f e {X) be such that 



Jx 

where dV^j is the volume element induced by a metric u on X. We have 
the following well-known result. 

Lemma 2.13. There exists a constant C = C{X,u,a) such that for 
any function f G L^{X) verifying the condition (+) above we have 



Proof. We consider a coordinate system z := {z^, . . . ,z"'} defined on 
fl G X and centered at some point x G X. Let Br := {||-2|| < r} be 
the Euclidean ball of radius r, and let d\ be the Lebesgue measure 
corresponding to the given coordinate system. Since X is a compact 
manifold, we may assume that the radius r is independent of the par- 
ticular point X E X. 

By definition of /(/) we have 



where C(X, takes into account the distortion between the volume 
element dV^j and the local Lebesgue measure dX, together with the 
Euclidean volume of Br- 

We can assume the existence of a function Qa G C°°{Q) such that 
o|o = \f~^ddga- By (+), the function f + Qa is psh on Vt. We now 
modify the inequality above as follows 



By the concavity of the logarithm, combined with the mean value in- 
equality applied to f + Qa we infer that 



where the (new) constant C(X, a) only depends on the geometry of 
(X, uj) and on a finite number of potentials Qa (because of the com- 
pactness of X). The proof of the lemma is therefore finished. A last 
remark is that the constant "C(X, co',a)" is uniform with respect to 
a: given (5 > 0, there exists a constant C(X, a, 5) such that we can 





/(x) <C + log/(/), VxGX. 





log/(/)>/(a;)-C(X,u;,a) 
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take C{X, co, a') := C{X, co, a, 6) for any closed (1, l)-form a' such that 
\\a — a'W < 6. 

□ 

3. Finite generation of modules 

According to Remark 12.61 in order to estabhsh the existence of good 
minimal models for pseudo-effective, kit pairs it suffices to show that 

k^{Kx + A) = k{Kx + A). 

In this section we will provide a direct argument for the equality above 
in the case where A is big. Even if this result is well known to experts 
and implicit in some of the literature, our point of view is slightly 
different (see however [CLlOj for a related point of view), and it turns 
out to be very useful as a guiding principle for the arguments that we 
will invoke in order to prove Theorem II. 7[ 

Let X be a smooth, projective variety, and let A be a big Q-divisor, 
such that {X, A) is kit. Analytically, this just means that A can be 
endowed with a metric = e~'^^ whose associated curvature current 
dominates a metric on X, and such that e'"^^ G Ll^^{X). To be precise, 
what we really mean at this point is that the line bundle associated to 
doA can be endowed with a metric whose curvature current is greater 
than a Kahler metric, and whose (Iq — th root is h/\. 

Let y4 C X be an ample divisor. We consider the following vector 
space 

M := ^ H%X,OximiKx + A) + A)) 
which is an 7^-module, where 7^ := H°{X, Ox{m{Kx + A))). 

In this section we will discuss the following result. 
Proposition 3.1. Ai is a finitely generated TZ-module. 

Since the choice of the ample divisor A is arbitrary, the above propo- 
sition implies that we have n^i^Kx -|- A) = k{Kx + A). 

We provide a sketch of the proof (13. ip below. As we have already 
mentioned, the techniques are well-known, so we will mainly highlight 
the features relevant to our arguments. The main ingredients are the 
finite generation of TZ, coupled with the extension techniques originated 
in [Siu98j and Skoda's division theorem |Skoda72] . 

Sketch of the proof of Proposition \3.1[ We start with some reductions; 
in the first place, we may assume that n^iKx + A) > and hence that 
k{Kx + A) > cf. IBCHMlOj . Next, we can assume that: 



EXTENSION THEOREMS 



15 



• There exists a finite set of normal crossing liypersurfaces {Yj-jj-gj of 
X, sucli that 

(2) ^ = Y^u=Y, + A^ 

where < z/-' < 1 for any j G J, and A a is an ample Q-di visor. This 
can be easily achieved on a modification of X. 

• Since the algebra TZ is generated by a finite number of elements, 
we may assume that it is generated by the sections of mo{Kx + A), 
where tjiq is sufficiently large and divisible. The corresponding metric 
of Kx + ^ (induced by the generators of TZ) is denoted by /imin = e"*^""" 
(the construction was recalled in the Subsection 12.51 see |Demailly09| 
for a more detailed presentation). Hence, we may assume that 

(3) Qh^ jKx + A) = ^ al,^[Y,] + A^,^ 

(after possibly replacing X by a further modification). In relation 
above, we can take the set of {Yj}j^j to coincide with the one in ([2]) 
(this is why we must allow some of the coefficients , a^^^^ to be equal 
to zero). Ajnin denotes a non-singular, semi-positive (1, l)-form. 

For each integer m divisible enough, let 6m be the current induced by 
(the normalization of) a basis of sections of the divisor ■m{Kx + ^)+A] 

it belongs to the cohomology class associated to Kx + A H A. We 

m 

can decompose it according to the family of hypersurfaces {l^ jjgj as 
follows 

(4) Q^ = j2<[y,]+^m 

where > 0, and is a closed positive current, which may be 
singular, despite the fact that 6^ is less singular than Q^^^J^Kx + A). 
Note that < a-^j^^. 

An important step in the proof of Proposition 13 . 1 1 is the following state- 
ment. 

Claim 3.2. We have 

(5) hm af„ = a^j^ 

for each j G J (and thus A^ converges weakly to A^i^). 

Proof. We consider an element j G J. The sequence {ai^}m>i is 
bounded, and can be assumed to be convergent, so we denote by 
its limit. We observe that we have 

(6) a^co < <in 

for each index j. Arguing by contradiction, we assume that at least 
one of the inequalities above is strict. 
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Let be any weak limit of the sequence {Am}m>i- We note that in 
principle Aoo will be singular along some of the Yj, even if the Lelong 
number of each at the generic point of Yj is equal to zero, for any 
j: the reason is that any weak limit of {6m}m>i it is expected to be 
at least as singular as 9min- 

In any case, we remark that given any positive real number t G M, 
we have the following numerical identity 

(7) Kx + Y, + ^«in - O - O^J + + tA^in = (1 + t)Aoo. 

By using the positivity of A/^ to tie-break, we can assume that for all 
j E J such that a:^;^ 7^ a^,, the quantities 

(8) f := ' - "'^ f 

are distinct, and we moreover assume that the minimum is achieved 
for J = 1. The relation ([7j) with t = becomes 

(9) A'x + l'i+ V T'Yj + AA = (l + t^)A^ 



where := + t^(cimin ~ '^00) ~ '^00 < 1 ^^^^ numbers, which can 
be assumed to be positive (since we can "move" the negative ones on 
the right hand side). But then we have the following result (implicit in 
[PaunnS] ). 

Theorem 3.3. There exists an effective M.-divisor 

D:=alY, + E 

linearly equivalent to Kx + A and such that Y\ does not belong to the 
support ofE. 

We will not reproduce here the complete argument of the proof, instead 
we highlight the main steps of this proof. 

• Passing to a modification of X, we can assume that the hypersur- 
faces {Yj}j^i are mutually disjoint and is semi-positive (instead of 
ample), such that A^ — J^j^ti ^^^j ample (for some < e-' <^ 1 where 
the corresponding Yj are exceptional divisors). We denote S := Yi. 

• We can assume that [A^] = [Aqo] i.e. the cohomology class is the 
same for any m, but for "the new" A^ we only have 

(10) A„ > --waa- 

m 

• The restriction Am|5 is well-defined, and can be written as 

Amis = 'Yp'mYj\s + Am,5- 
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• By induction, we obtain an effective M-divisor Ds linearly equivalent 
to {Kx + S + Ylij<^j j^i'^^^j + ^a)|5, whose order of vanisliing along 
Yj\s is at least minir-', p^}. We note that in [PaunOSj . we only obtain 
an effective R-divisor Ds which is numerically equivalent to {Kx + 

jjyi '^^^j + Aa)\s- By a standard argument, we may however 
assume that Ds is M.-linearly equivalent to {Kx + S + ^^^j + 

Aa)|5 (see also [ULID]). 

• The M-divisor Ds extends to X, by the "usual" procedure, namely 
Diophantine approximation and extension theorems (see e.g. [PaunOSj 
and [HMIO] ) . This last step ends the discussion of the proof of Theorem 

m 



Remark 3.4. The last bullet above is the heart of the proof of the claim. 
We stress the fact that the factor A/^ of the boundary is essential, even 
if the coefficients and the divisor Ds are rational. 

An immediate Diophantine approximation argument shows that the 
divisor D produced by Theorem 13.31 should not exist: its multiplicity 
along Yi is strictly smaller than a^j^, and this is a contradiction. □ 

The rest of the proof is based of the following global version of the 
H. Skoda division theorem (cf. [Skoda72] ) . established in |Siu08j . 

Let G be a divisor on X, and let cxi, . . . , ctat be a set of holomorphic 
sections of Ox{G). Let be a divisor on X, endowed with a possibly 
singular metric He = e"*^^ with positive curvature current. 

Theorem 3.5. |Skoda72] Let u be a holomorphic section of the divisor 
Kx + {n + 1)G + E, such that 

(we notice that the quantity under the integral sign is a global measure 
on X). Then there exists sections u^, . . . of Kx + nG + E such that 

(12) u = ^uVj. 

i 

This result together with Claim 13.21 above prove the finite generation 
of A^, along the same lines as in |Demailly90| ; we provide next the 
details. 

Let m be a sufficiently big and divisible integer (to be specified in 
a moment), and let u be a section of m{Kx + A) + A. We recall that 
tuq denotes a positive integer, such that the metric on Kx + A induced 
by the sections {cxi, . . . , ctat} of mo{Kx + A) is equivalent to iprnin- We 
have 

m{Kx + A) + A = Kx + in + l)G + E 
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where 

G := mo{Kx + A) 

and 

E:=A+(m-in + l)mo -1)(Kx + A + -A) + ^o{n + 1) + I ^ 

are endowed respectively with the metrics ipc induced by the sections 
{(Ti, . . . , cttv} above, and 

/ / X \ mo(n + 1) + 1 
LfE ■= [m- {n + l)mo - Ijv^m H ifA- 

Here we denote by ipm the metric on Kx + A + induced by the 
global sections of Ox{fn{Kx + A) + A). We next check that condition 
(ITT]) is satisfied. Notice that 

U,|2 r 

'x(E,hn"+^ - Jx 

since we clearly have |up < Ce^'^"^ (we skip the non-singular weight 
corresponding to A in the expression above). The fact that (X, A) is 
kit, together with Claim \^7I\ implies that there exists some fixed index 
mi such that we have 

Jx 

as soon as m > nii. In conclusion, the relation flTT]) above holds true; 
hence, as long as m > mi, Skoda's Division Theorem can be applied, 
and Proposition 13.11 is proved. □ 



Remark 3.6. As we have already mentioned, in the following sections 
we will show that a consistent part of the proof of (13.11) is still valid 
in the absence of the ample part A^^. Here we highlight the properties 
of Kx + A which will replace the strict positivity. We consider the 
following context. Let 

(14) A^5^z/^-[F,]+Aa 

be a Q-divisor, where Q < < 1 and Aa is a semi-positive form 
of (1, l)-type. We assume as always that the hypersurfaces Yj have 
simple normal crossings. The difference between this set-up and the 
hypothesis of (13. ip is that A is not necessarily big. 

We assume that the Kx+A is Q-effective. Recall that by jBCHMlOj . 
the associated canonical ring R{Kx + A) is finitely generated. The 
reductions performed at the beginning of the proof of (13. ip do not use 
Aa. However, difficulties arise when we come to the proof of Claim 
13.21 Indeed, the assumption 

^oo < '^min 



EXTENSION THEOREMS 19 
for some j & J implies that we will have 

(15) Kx + Yi+ r% = {l + t')A^ 

cf. ([9]), but in the present context, the numbers cannot he assumed 
to be strictly smaller than 1 . Nevertheless we have that 

(a) The Q-divisor Kx + + '^^^j is pseudo-effective, and 

(b) There exists an effective M-divisor say G := Ylif^^^i which is 
M-linearly equivalent to Kx + Yi + J^jejjjti '^^^j such that 

Fi C Supp(G') c 

The properties above are consequences of the fact that we have assumed 
that Claim 13.21 fails to hold. They indicate that the Q-divisor 

L:=Kx + Yi+ T% 

has some kind of positivity: property (a) implies the existence of a 
sequence of metrics /i^ = e"*^" on the Q-line bundle L such that 

(16) e^„(L) = V^dd^^ > 

m 

and this combined with (b) shows that the line bundle Ox{Yi) admits 
a sequence of singular metrics gm '■= e~'^^-"' such that 



(17) = /iVl.m + 5]^/i*log|/l 



where we assume that W\ = Yi (see Lemma [2TT2]) . So the curvature of 

(L, hm) is not just bounded from below by u, but we also have 

m 

(18) e,„(L)>/e,^(yi) 

as shown by f|T71) above. 



The important remark is that the relations fll6p and (1181) are very 
similar to the curvature requirement in the geometric version of the 
Ohsawa-Takegoshi-type theorem, due to L. Manivel (cf. |Manivel93] . 
see |Demailly09| as well). During the following section, we will establish 
the relevant generalization. As for the tie-breaking issue (cf. f lT5|l ). we 
are unable to bypass it with purely analytic methods. It will be treated 
by a different technique in Section [71 
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4. A VERSION OF THE OhSAWA-TAKEGOSHI EXTENSION THEOREM 

The main building block of the proof of the "invariance of plurigenera" 
(cf. |Siu98j . |SiuOOj ) is given by the Ohsawa-Takegoshi theorem cf. 
jOT87] and |Berndtsson96] . In this section, we will prove a version of 
this important extension theorem, which will play a fundamental role 
in the proof of Theorem ll.7[ 

Actually, our result is a slight generalization of the corresponding 
statements in the articles quoted above, adapted to the set-up described 
in Remark 13.61 For clarity of exposition, we will change the notations 
as follows. 

Let X be a projective manifold, and let y C A be a non-singular 
hypersurface. We assume that there exists a metric hy on the line 
bundle OxiY) associated to Y, denoted by hy = e~'^^' with respect to 
any local trivialization, such that: 

(i) If we denote by s the tautological section associated to Y, then 

(19) |s| V^^ < e"" 

where a > 1 is a real number. 

(ii) There exist two semi-positively curved hermitian Q-line bun- 
dles, say {Gi,e~'^^i) and (G'25 e~'^°2), such that 

(20) (fiy = (fiGi - ^G2 

(compare to f|T7|) above). 

Let F — )■ A be a line bundle, endowed with a metric hp such that the 
following curvature requirements are satisfied 

(21) e,,(F)>o, e,,(F)>-e,,(r). 

a 

Moreover, we assume the existence of positive real numbers Eq > and 
C such that 

(22) < eoipG2 + C; 

that is to say, the poles of the metric which has the "wrong" sign in 
the decomposition (120]) are part of the singularities of hp. 

We denote by hy = e"'^^^ a non-singular metric on the line bundle 
corresponding to Y. We have the following result. 

Theorem 4.1. Let u be a section of the line bundle Oy{Ky + F\y), 
such that 

(23) j |m| V^^ < 00, 
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and such that the hypothesis 0191) - (1221) are satisfied. Then there exists 
a section U of the line bundle Ox{Kx + Y + F), such that U\y = uAds 
and such that 

(24) [ |f/|2e-'5^y-(i-<5)^y-^F <Cs [ lul^e-"^^ 
Jx Jy 

where 1 > 5 > Q is an arbitrary real number and the constant Cg is 
given explicitly by 

(25) Cs = Co5-^{max\s\^e-^^Y~^ 

for some numerical constant Cq depending only on the dimension {in 
particular, the estimate does not depend on Sq or C in fl22]) ). 

Perhaps the closest statement of this kind in the hterature is due to 
D. Varohn, cf. |Var08j : in his article, the metric hy is allowed to be 
singular, but the weights of this metric are assumed to be bounded 
from above. This hypothesis is not verified in our case; however, the 
assumption fl22]) plays a similar role in the proof of Theorem 14.11 

Proof. We will closely follow the "classical" arguments and show that 
the proof goes through (with a few standard modifications) in the more 
general setting of Theorem I4.1[ The main issue which we have to 
address is the regularization procedure. Although the technique is more 
or less standard, since this is the key new ingredient, we will provide a 
complete treatment. 

4.1. Regularization procedure. Let us first observe that every line 
bundle B over X can be written as a difference B = Ox{Hi — H2) 
of two very ample divisors Hi, H2. It follows that B is trivial upon 
restriction to the complement X\{H[UH2) for any members H[ G \Hi\ 
and H2 E \H2\ of the corresponding linear systems. Therefore, one can 
find a finite family Hj C X of very ample divisors, such that Y (f_ Hj 
and each of the line bundles under consideration F, OxiY) and Gf^ 
(choosing N divisible enough so that Gf^ G Pic(X)) is trivial on the 
affine Zariski open set X \ H, where H = [J Hj. We also fix a proper 
embedding X \ H G in order to regularize the weights ifp and ipY 
of our metrics on X \ if. The estimate will be used afterwards to 
extend the sections to X itself. 

The arguments which follow are first carried out on a fixed affine 
open set X \ H selected as above. In this respect, estimate (122|) is 
then to be understood as valid only with a uniform constant C = C (f2) 
on every relatively compact open subset Vt CC X \ H . In order to 
regularize all of our weights ^pp and ipY = v^Gi — respectively, we 
invoke the following well known result which enables us to employ the 
usual convolution kernel in Euclidean space. 
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Theorem 4.2. [Siu76j Given a Stein suhmanifold V of a complex an- 
alytic space M , there exist an open, Stein neighborhood W D V of V , 
together with a holomorphic retract r : W ^ V . 

In our setting, the above theorem shows the existence of a Stein open 
set W C C"*, such that X \ H C W, together with a holomorphic 
retraction r : W ^ X \ H. We use the map r in order to extend the 
objects we have constructed on X \ i^; we define 

(26) ■= o r, ■= V^G, o r, ■■= ^Gi - ^G2- 

Next we will use a standard convolution kernel in order to regularize 
the functions above. We consider exhaustions 

(27) W = [jWk, X\H = [jXk 

k 

of W by bounded Stein domains (resp. of X \ H hj the relatively 
compact Stein open subsets X^ := {X \H) H Wk). Let 

be the regularization of ipp, where for each k we assume that e < e{k) 
is small enough, so that the function above is well-defined. We use 
similar notations for the regularization of the other functions involved 
in the picture. 

We show next that the normalization and curvature properties of the 
functions above are preserved by the regularization process. In first 
place, the assumption Qhp{F) > means that is psh, hence ipF,e > 
(fF and we still have 

(HI) |spe-'^^'^(^^ < Ispe-'^^(^) < e"". 

on Xfc. (Here of course |s| means the absolute value of the section s 
viewed as a complex valued function according to the trivialization of 
OxiY) onX\H). Further, ([20])- dH]) implies that all functions 

(EE) Z "fF^eiz), Z '^Gi,e{^), Z >^F,e{z) - -^pY,e{z) 

a 

are psh on X^, by stability of plurisubharmonicity under convolution. 
Finally, ([22]) leads to 

by linearity and monotonicity of convolution. 

In conclusion, the hypothesis of (14. ip are preserved by the particular 
regularization process we have described here. We show in the following 
subsection that the "usual" Ohsawa-Takegoshi theorem applied to the 
regularized weights allows us to conclude. 
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4.2. End of the proof of Theorem 14.11 We view here the section 
u of Oy{Ky + F\y) as a (n — l)-form on Y with values in F\y. Since 
F is trivial on X \ H, we can even consider complex valued 

{n — l)-form on F fl {X \ H). The main result used in the proof of fl4.ip 
is the following technical version of the Ohsawa-Takegoshi theorem. 

Theorem 4.3. |Demailly09| Let M he a weakly pseudoconvexn- dimen- 
sional manifold, and let f : M ^ C be a holomorphic function, such 
that df on f = 0. Consider two smooth functions (p and p on M, 
such that 

\r^dd^ > 0, y/^dd<p > -^/^^^p 

a 

and such that |/|^ := \ f\'^e~^ < e~°' , where a > 1 is a constant. Then 
given a n — 1 form 7 on Mf := {/ = 0}, there exists a n-form T on M 
such that 

(a) T\Mf = 7 A df; 

(b) We have 



< Cn I |7l'e-^ 



where Cq is a numerical constant depending only on the dimension. 

We apply the above version of the Ohsawa-Takegoshi theorem in our 
setting: for each k and for each e < e{k) there exists a holomorphic 
n-form f/^ ^ on the Stein manifold X^,, such that 

^ ' ix, |s|2e-^^>-^log2(|s|2e-^-.0 - Jycx, 

and such that Uk^eWnXk = u A ds. Notice that ipF,e > = on 
F n Xfc, hence we get the (e, /c)-uniform upper bound 

(29) f < f 

JYnXk JYr\{x\H) 

Our next task is to take the limit for e — > in the relation (128 p . while 
keeping k fixed at first. To this end, an important observation is that 

(30) [ |f/^^^|2e-'5'^r..-(i-5)^y-'PF,. <Cs [ Iwpe-'^^ 

Jxk ' JYn{X\H) 

for any < 5 < 1. Indeed, the function t — > t'^log^(t) is bounded 
from above by e^^(2/5)^ < (5~^ when t belongs to the fixed interval 
[0,e-"] C [0,e~i], so that ^(logt)^ < S'H^-^ and hence 

p-'fiY,e-fF,E p-VY,e-'PF,E 

(31) ^ r > 52 

I s I Se-'^y.^ log^ [\s\^e-'PY'^) 



|2(l-<5)p-(l-'5)'/'y,£ 



We have used the uniform bound (IT^ ). We further observe that by 
compactness of X the continuous function z — )■ \s{z)\'^^^^^^ e^^^^^^'''^^ is 
bounded from above on X by M^~^ = ma.xx{\s\'^e~'^"^y^^ < +00 and 
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we can take = Therefore, ([3D]) follows from and 

(PTj) . If we choose 5 < Eq and recall that ify = Vgi ~ , we see that 
inequality ( 12^ ) implies 

(32) 6^Y,e + {l-S)W + VF,e < 6y^Gue + i^Q- S)^G2,e + [l- S)W + C{k) . 

For i G {1,2} the function (pGi,e is psh, thus in particular uniformly 
bounded from above on by a constant independent of e. Hence 
^fY,e + (1 ^ ^)'^Y + '^F,e IS Uniformly bounded from above by a con- 
stant C^i^k) if we fix e.g. 6 = Eq, and thanks to f l5U]) the unweighted 
norm of t/^ ^ admits a bound 



/ \Uk,e\' <C,{k). 
JXu 



We stress here the fact that the constant is independent of e. There- 
fore we can extract a subsequence that is uniformly convergent on all 
compact subsets of X^. Indeed, this follows from the classical Montel 
theorem, which in turn is a consequence of the Cauchy integral formula 
to prove equicontinuity (this is where we use the fact that Ci^{k) is in- 
dependent of e), coupled with Arzela-Ascoli theorem. Let Uk be the 
corresponding limit. Fatou's lemma shows that we have the estimate 

(33) / \!^^[^ < Co / Inl V^^. 

If we now let A; — ?► +00, we get a convergent subsequence Uk with limit 
U = lim Uk on X \ H = [J Xk, which is uniform on all compact subsets 
of X \ if, and such that 

C34) f 1^1^^ '^^ < Cn [ IwPe"'^-^ 

^ ' Aw k|2e-^^log'(k|2e-^-) - JvnixXH) 

We can reinterpret f/ as a section of {Kx + Y + F)\x\h satisfying the 
equality 

(35) U\Yn{x\H) =uAds. 

Then the estimate flMl) is in fact an intrinsic estimate in terms of the 
hermitian metrics (i.e. independent of the specific choice of trivializa- 
tion we have made, especially since H is of measure zero with respect 
to the norms). The proof of (130|) also shows that 

(36) / |f/|2g-5<py-(i-5)ipy-^^ <Cs [ iMpe"^^. 



JX\H JYn{X\H) 

In a neighborhood of any point xq G H, the weight 5v9y + (l — 5)^y + (y9i7 
expressed with respect to a local trivialization of F near xq is locally 
bounded from above by (l32i) . if we take S < Eq. We conclude that U 
extends holomorphically to X and Theorem 14.11 is proved. □ 
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Remark 4.4. In the absence of hypothesis (122]) . the uniform bound 
arguments in the proof of fl4.ip collapse. In particular the limit U 
might acquire poles along H. Fortunately, the exact value of Eq does 
not matter quantitatively, and the estimates we get at the end are 
independent of the constant ^o- 

5. Proof of Theorem 11.71 

In the present section, we will prove Theorem II. 7[ Our proof relies 
heavily on Theorem 14. 1[ However, in order to better understand the 
relevance of the technical statements which follow (see Theorem 15.31 
below), we first consider a particular case of (11.71) . 

Theorem 5.1. Let {S,Yj} be a set of hyper surf aces of a smooth, pro- 
jective manifold X having normal crossings. Assume also that there 
exists rational numbers Q <IP < 1 such that Kx + S + B is hermitian 
semi-positive, where B = b^Yj and that there exists an effective Q- 
divisor D := Ylj ^''Wj on X , numerically equivalent to Kx + S + B, 
such that S C Supp(D) C Supp(S' + B). Let nio be a positive integer, 
such that mo{Kx + S + B) is Cartier. Then every section u of the line 
bundle Os{TnQ{Ks + B\s)) extends to X . 

Proof. Let ho = e~'^° be a smooth metric on Kx + + S, with semi- 
positive curvature. As in the introductory Subsection 12.31 we have 

Ox{N{Kx + S + B)) = Ox{ND) ® 

where iV is a sufficiently divisible positive integer, and p is a line bundle 
on X, which admits a metric hp = e"'^'' whose curvature form is equal 
to zero. 

We can assume that 

(37) ^o> ^p + ^i^^ log I fwj I ^ 

j 

i.e., that ho is less singular that the metric induced by the divisor 
Y^ji'-^Wj, simply by adding to the local weights of ho a sufficiently 
large constant. 

Assume that S = Wi. We define a metric ips on the line bundle 
corresponding to 5* such that the following equality holds 

ifo = p^ifs + V^p + X] log l/iyj^ 

In order to apply Theorem 14.1] we write 

mo{Kx + S + B) = Kx + S + B + {nio- l){Kx + S + B) 

and we endow the line bundle corresponding to F := B + {mo — l){Kx + 
S + B) with the metric (fp '■= + ('^o — 

Then, we see that the hypothesis of (14.11) are verified, as follows. 
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• We have l/spe"'^^ < 1 by the inequahty (P7|) above. 

• We have QhpiF) > 0, as well as Qhp{F) > -Qhsi^xiS)), for any 

1 " 

" - 7 TVT- 

(mo - l)z/^ 

In order to apply Theorem (14.11) . we define 



a := max 



(mn- l)z/i} 



{mo 

and we rescale the metric hs by a constant, as follows 

LPs := (fs + a. 

Then we have |/5pe~'^s < e~" thanks to the first bullet above, and 
moreover the curvature conditions 

are satisfied. 

• The (rescaled) weight (fg can be written as the difference of two 
psh functions, ipci — ^Pg2 where (pci := a + £o^Po and ^9^2 •= ^o(v'p + 
Ejyi log \fw, n and Eq = l/p^. We have 

C + eQ{ipp + ^ log l/vy, P) > 
by the assumption concerning the support of D. 

We also have / I'upe^'^^ < oo, since [X^B] is kit and is non- 
Js 

singular. Therefore, by Theorem 14.11 the section u extends to X. □ 

Remark 5.2. The norm of the extension we construct by this procedure 
will depend only on Cs computed in Theorem\A.l\ the rescalinq factor 

I (mo-l)z/^J Js 

5.1. Construction of potentials for adjoint bundles. As one can 

see, the hypothesis (3) of (II. 7p is much weaker than the corresponding 
one in (15. ip (i.e. the hermitian semi-positivity of Kx + S + B), and 
this induces many complications in the proof. The aim of Theorem 15.31 
below is to construct a substitute for the smooth metric /iq, and it is 
the main technical tool in the proof of (ll.7p . 

Theorem 5.3. Let {S,Yj} he a smooth hypersurfaces of X with normal 
crossings. Let < IP < 1 be rational numbers, such that: 

(1) We have Kx + S + J2j = Ylij ^^^j, where are positive 
rational numbers, and {Wj} C {S,Yj}. 
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(2) Let rriQ be a positive integer such that mQ{Kx + S + '^jb^Yj) 
is Cartier, and there exists a non-identically zero section u of 

3 

(3) Let h he a non-singular, fixed metric on the Q-line bundle Kx + 
S + Ylij^^jj ^^^^ there exists a sequence {Tm\m>i C L^{X), 

such that QhiKx+S+S~^ hPY^+\/ —Iddrm > w as currents 

■j 

on X, the restriction Tm\s is well defined and we have 

(38) r„|s > C(m) +log|M|^ 

where C{m) is a constant, which is allowed to depend on m. 

Then there exists a constant C < independent of m, and a sequence 
of functions {fm}m>i C. L^{X) such that: 

(i) We have supx fm = 0, and moreover Qh{Kx + S + h^Yj) + 

3 

^/—Iddfrn > CO as currents on X. 

m 

(ii) The restriction fm\s is well-defined, and we have 

(39) fm\s>C + \og\u\^. 



The proof of Theorem 15.31 follows an iteration scheme, that we now 
explain. We start with the potentials {t^} provided by the hypothesis 

(3) above; then we construct potentials {Tm^} such that the following 
properties are satisfied. 

(a) We have sup^^^ = 0, and moreover 

QhiKx + S + y lPY.j) + V^ddr^^^ > 
j 

in the sense of currents on X. 

(b) The restriction Tm^\s is well-defined, and there exists a constant 
C independent of m such that 

r^^ > C + log + p sup Tm, 

s 

at each point of S (where < p < 1 is to be determined). 

The construction of {rm^} with the pertinent curvature and uniformity 
properties (a) and (b) is possible by Theorem 14.11 Then we repeat this 
procedure: starting with {rm"*} we construct {rm^}, and so on. Thanks 
to the uniform estimates we provide during this process, the limit of 
{Tm^} as p — i- oo will satisfy the requirements of fl5.3p . We now present 
the details. 
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Proof. Let B := Ylij^^v hypothesis, there exists {rm} C L^(X), 
such that 

(40) max = 0, Qh{.Kx + S + B) + y/^ddTm > -— w 

X m 

on X. We denote hj D = ^2 T^^Wj the Q-divisor provided by hypothesis 
(1) of f l5.3p : and let Td := loglDl^ ,-i (by this we mean the norm of 
the Q-section associated to measured with respect to the metric 
h ® h~^, cf. the proof of f IS.ip ) be the logarithm of its norm. We can 
certainly assume that td < 0. By replacing by max{rm,T/)}, the 
relations fHOj) above are still satisfied (cf. §2.4p and in addition we can 
assume that we have 

(41) > td 

at each point of X. 

Two things can happen: either S belongs to the set {VTj}, or not. 
In the later case there is nothing to prove as the restriction Tm\s is well 
defined, so we assume that S = Wi. After the normalization indicated 
above, we define a metric e"'^^'™ on OxiS) which will be needed in 
order to apply (14. ip . Let 

be the local weight of the metric e~'^'^h on Kx + S + B. The metric 
ilJs,m is defined so that the following equality holds 

(42) (frrr. = '^^i^S,m + ^p + ^V^ log I /ly . I ^ 

(cf. Lemma I2.12p where is a local equation for the hypersurface 
Wj. We use here the hypothesis (1) of Theorem l5.3[ Then the functions 
il^Sm given by equality (jH]) above are the local weights of a metric on 
Ox{S). 

The norm/ curvature properties of the objects constructed so far are 
listed below. 

(a) The inequality \fs\'^e.~^^'^ < 1 holds at each point of X . Indeed, 
this is a direct consequence of the relations fHT]) and fH21) above 
(cf. dm). 

(b) We have Q^^^ {Kx + S + B) > -^u. 

(c) We have Q^^^{Kx + S + B) > u^Q^^ ^{S). This inequality is 
obtained as a direct consequence of fH21) . since the curvature of 
hp is equal to zero. 

(d) For each m there exists a constant C{m) such that 

2 

rm\s > C{m) + log|M|'"o. 
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Indeed, for this inequality we use the hypothesis (3) of Theorem 
I5.3[ together with the remark that the renormahzation and the 
maximum we have used to insure fl4ip preserve this hypothesis. 

As aheady hinted, we will modify each element of the sequence of 
functions {Tm}m>i by using some "estimable extensions" of the section 
u (given by hypothesis 2) and its tensor powers, multiplied by a finite 
number of auxiliary sections of some ample line bundle. Actually, we 
will concentrate our efforts on one single index e.g. m = kmo, and try 
to understand the uniformity properties of the constants involved in 
the computations. 

In order to simplify the notations, let r := r^m^ and denote by ips 
the metric on Ox{S) defined by the equality 

(43) = ly'^s + ^p + Yl I'- 

Even if this notation does not make it explicit, we stress here the fact 
that the metric ips depends on the function r we want to modify. 

We consider a non-singular metric hs = e~'^-^ which is independent 
of r, and for each < 5 < 1, we define the convex combination metric 

(44) ^1 ■■= ^^s + (1 - 5)^s. 

The parameter 5 will be fixed at the end, once we collect all the re- 
quirements we need it to satisfy. 

We assume that the divisor A is sufficiently ample, so that the metric 
u in (b) above is the curvature of the metric Ha on Ox (^) induced by 
its global sections say {sA,i\- 

Now we consider the section u®^ ® sa of the line bundle 

Os{kmo{Ks + B\s) + A\s), 

where sa G {sA,i}, and we define the set 

£:={U e H\X, OxikmoiKx + S + B) + A)) : U\s = u®^ ® sa]- 

A first step towards the proof of Theorem 15. 3l is the following statement 
(see e.g. |BP10] l 

Lemma 5.4. The set £ is non-empty; moreover, there exists an ele- 
ment U & £ such that the following integral is convergent 

(45) ||f/||^(^+^) := / |;7|^^^+^^e-'^^--^s-vsg-i^VA ^ ^ 

Jx 

as soon as 5 is sufficiently small. 

Proof. We write the divisor kmo{Kx + S + B) -\- A in adjoint form as 
follows 

kmo{Kx + S + B) + A = Kx + S + F 

where 

F:=B + (kmo -l){Kx + S + B) + A. 
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We endow the line bundle Ox{F) with the metric whose local weights 
are 

(46) ipF ■■= <-Pb + {kmQ - l)Lpr + ipA- 

By property (b), the curvature of this metric is greater than cu, 

and the section u®^ ® sa is integrable with respect to it, by property 
(d). 

The classical Ohsawa-Takegoshi theorem shows the existence of a 
section U corresponding to the divisor krriQ^Kx + S + B) + A, such 
that U\s = u®^ ® Sa, and such that the following integral is convergent 

(47) / |f/|2g-</'s-(fcmo-l)</3^-</3A-VS ^ 

Jx 

By the Holder inequality we obtain 

(48) f \U\'^^^^^\-^^-~^s-VB^-kk,{^+^)vA < ^/'"Lo"' 
Jx 

where we denote by I the following quantity 

(49) /:= / e'^^^T^^^^^'^-''^ 

Jx 

and C corresponds to the integral (1471) raised to the power — . In the 

kniQ 

above expression we have skipped a non-singular metric corresponding 
to (ps- By relation fH3l) . the integral I will be convergent, provided 
that 

(50) 4 < - 

so that the lemma is proved. □ 



We consider next an element U E S for which the semi-norm (145|) is 
minimal. Let {Up}p>i C £ such that the sequence 



Tip . I \^p\ 
X 



converges towards the infimum say Uoo of the quantities (HSj) when 
U E S. From this, we infer that {Up}p>o has a convergent subsequence, 
and obtain our minimizing section as its limit. This can be justified 
either by Holder inequality, or by observing that we have 



^1 + < C + _ 5^ ^log Ifyf + J2b'\og \fy^ 



2 



where the last term is bounded from above, as soon as 6 verifies the 
inequalities 
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for all j. 

In conclusion, some element U^^''^^ G S with minimal semi- norm 
exists, by the usual properties of holomorphic functions, combined with 
the Fatou Lemma. Next, we will show that the semi- norm of U^^°^ is 
bounded in a very precise way (again, see |BP10j for similar ideas). 

To this end, we first construct an extension V of u'^'^ sa by using 
^mirT"'' ^ metric; this will be done by using (14.11) . so we first write 

kmo{Kx + S + B) + A = Kx + S + F 

where 

F := B + {kmo-l-5){Kx + S + B + --^A) + 5{Kx + S + B) + ^-^A. 

We endow the line bundle Ox{F) with the metric whose local weights 
are 

(52) := + log |f/_ I + 5^. + -^JA 

and the line bundle corresponding to S with the metric e~'^'^ previously 
defined in (l43l) . Prior to applying (14. ip we check here the hypothesis 
([IS])-(I22]). Thanks to (gl]) and ^ we have 

(53) IsjV'^^ < 1. 
Moreover, we see (cf. (143 p ) that we have 

i^s = \ {'^T- ^p-^ i'^ log l/w-/) 
hence the requirement (!22l) amounts to showing that we have 

(54) Ci(fc, '5) + 5Z ^ log l/iy/ > 

where Cj{k,5) are sufficiently large constants, depending (eventually) 
on the norm of the section uj^^°\ and on 6. The existence of such 
quantities is clear, because of the hypothesis (1) of 15.31 and of the 
presence of (pB in the expression (jS^D- 

The curvature hypothesis required by (14. ip are also satisfied, since 
we have 

(55) e;,^(F)>0, QhAF) > ^'^i^hsiS) 

by relations fl52|) and fj43l) (the slightly negative part of the Hessian of 

ipr is compensated by the Hessian of ipA)- 

krrin 
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Therefore, we are in position to apply Theorem 14.11 and infer the 
existence of an element Vs E S such that 
(56) 



2 



IX |7-/(fe"^o)|2 js 
I mill I 

The constant C{6) in fl56|l above is obtained by Theorem 14. ![ via the 
rescaling procedure described in the proof of (15.11) adapted to the cur- 
rent context; we stress on the fact that this constant in completely 
independent of k and (pr- 

We will show next that it is possible to choose 6 := 6q small enough, 
independent of k and r, such that the right hand side of flS^ is smaller 
than (7e~''°'^"P'5^^''. Here and in what follows we will freely interchange 
r and (p^, as they differ by a function which only depends on the fixed 
metric h on Kx + S + B; in particular, the difference t — ipr equals 
a quantity independent of the family of potentials we are trying to 
construct. 

Prior to this, we recall the following basic result, originally due to 
L. Hormander for open sets in C", and to G. Tian in the following 
form. 

Lemma 5.5. |Tian87j Let M be a compact complex manifold, and 
let a be a real, closed (l,l)-/orm on M. We consider the family of 
normalized potentials 

V:={fe L\X) : sup(/) = 0, a + ^f^ddf > O}. 

M 

Then there exists constants 7// > and Ch > such that 
(57) [ e-^»^dV<CH 



J M 

for any / G "P. In addition, the numbers 'Jh o-nd Ch are uniform with 
respect to a. 

We will use the previous lemma as follows: first we notice that we have 



u\ ™o e = / \u\ ™o e 

s Js 

simply because by definition the equality ipr = (fh + T holds true on X. 

The pair {S,B\s) is kit, hence there exists a positive real number 

/io > such that e-(^+^")^s e Ll^{S). By the Holder inequality, we 

have 

where dV is a non-singular volume element on S, and the constant C 
above is independent of r and of 6, provided that 6 belongs to a fixed 
compact set (which is the case here, since < 5 < 1). 
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Next, in order to obtain an upper bound of the right hand side term 
of the preceding inequahty, by the above lemma, we can write 



5 

We fix now 6 := 60 small enough such that the following conditions are 
satisfied: ^ ^ 

• We have ~Y < 2 — J ^ recall that S = Yi). 

• The inequality below holds 

Oo < JH, 

where is given by Lemma 15.51 applied to the next data: M = S 

and a := Qh{Ks + B) + u (where h here is the restriction of the 

kmo 

metric in (3) of (15. 3 p to 5*). We notice that •yTyCr can be assumed 
to be uniform with respect to k, precisely because of the uniformity 
property mentioned at the end of Lemma 15. 5[ 

The conditions we imposed on 6q in the two bullets above are indepen- 
dent of the particular potential r we choose. Hence, in the proof we 
first fix 60 as above, then construct the minimal element U^^°^ and 
after that, we produce an element V & S such that 
(58) 

_M___^-<5o<^.^-i±^<^.A-V's-V's° <; ^g-<5osupg(T)^ 



I{V) 



as a consequence of (13^ . Lemma [5.51 and the above explanations. 
On the other hand, we claim that we have 



X 



Indeed, this is a consequence of Holder inequality: if relation (159|) fails 
to hold, then it is easy to show that the quantity 

X 

is strictly smaller than the left hand side of (l59l) -and this contradicts 
the the minimality property of the f/min*"''- 
In conclusion, we have the inequality 



X 



by combining ( 158|) and (159|1 . 

Let {sA,i}i=i,...,M be the finite set of sections of A which were fixed 
at the beginning of the proof. Then we can construct an extension 
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U^^f of M®'' ® SA,i, with bounded norm as in (!60l) . We define 

the function 



(61) ^log Vl?^^'^™"^" 



and we observe that we have 

(62) I e^^+'^^^W < Ce-'o^PsM^ 

Jx 

as a consequence of (1^ . since the function r (or if one prefers, ^9^) is 
negative^ and the part of -01° having the "wrong sign" is absorbed by 

Next, as a consequence of the mean inequahty for psh functions, 
together with the compactness of X (see Lemma f l2.13p ) we infer from 
that 



(63) r(x) <C- sup(r) 

1 + ^0 s 

for any x G X. Again, the constant "C" has changed since ( l62l) . but 
in a manner which is universal, i.e. independent of r. 

We also remark that the restriction to S of the functions r we have 
constructed is completely determined by 

2 

t\s = iog|M|;^°. 

In order to re-start the same procedure, we introduce the functions 

(64) r^^) := r - sup(r) 

X 

and we collect their properties below: 
(N) sup;,rW=0; 

(H) Qh{Kx + S + B) + v^59r(^) > --^u as currents on X; 

kuiQ 

(R) T^^Ms > — ^supr — C H log lull; in particular, we have 

1 + c>o s mo 

(65) supr^^^ > — ^ sup r — C. 

S 1 + C)0 5 

In order to see that the last inequality holds, we fix any point xq G S, 
such that u is does not vanish at this point. After possibly rescaling u, 

we can assume that — log |u(a;o)|? = and then we have 
mo 

r^^\xo) > supr-C + —\og\u{xo)\l. 

We certainly have sup^r*^^'' > t^^\xq); hence fl65|) follows. 
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We remark next that the restriction properties of r^^^ have improved: 
modulo the function 

1 

mo 



X — — C H log 1^ 



which is independent of r, we "gain" a factor — < 1. 

1 + c>o 

Remark 5.6. It is of paramount importance to realize that the constant 
"C" appearing in the expression of the function above is universal: it 
only depends on the geometry of {X, S), the metric h and the norm of 
u, also on the form which compensate the negativity of the Hessian of 
T (cf. (I56|) . Tian's lemma lSTR and the comments after that). Moreover, 
if these quantities are varying in a uniform manner (as it is the case 
for our initial sequence {rm} ), then the constant C can he assumed to 
he independent of m. 

Therefore, it is natural to repeat this procedure with the sequence 
of functions r(i) as input, so we successively produce the potentials 
{r'-^-'} with the properties (N), (H) and (R) as above, for each p >1. 
We stress again on the fact that the quantities C, have two crucial 
uniformity properties: with respect to p (the number of iterations) and 
to m (the index of the sequence in 15.31) . 

Proceeding by induction we show that the following two equations hold: 



The relation fl^TI) is obtained by successive applications of dHS]) of the 
relation (R), since we have 

sup r(P) > — V sup r^P-^) - C 
s 1 + do 5 

for any p>l. The lower bound (1661) is derived as a direct consequence 
of dSB and dSS}. 

The functions required by Theorem 15.31 are obtained by standard facts 
of pluripotential theory (see e.g. |Lelong69 , LelongTl] , |Klimek9Tj ): 



some subsequence {t^^]} of {t^^q} converge in to the potential 
/fcmo; as upper regularized limits 

/fcmo(^) := limsup lim r^^",}(x). 



By letting p — )• oo, we see that the non-effective part of the estimate 
(166|) tends to zero, so Theorem 15.31 is proved. 
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5.2. Proof of the Extension Theorem. In this last part of the proof 
of fll.7p . we first recall that by the techniques originating in Siu's semi- 
nal article |SiuOOj . for any fixed section sa € H^{X, Ox{A)), the section 
u®^ ® Sa extends to X, for any > 1, (cf. |HM10l 6.3]). Indeed, by 
the assumption we have 

(cf. notations in the introduction) and then the extension of u®^ ® sa 
follows. 

These extensions provide us with the potentials {Tm}m>i (simply by 
letting = ^log|f/fcP where is the given extension of u'^^ ® sa) 
and then Theorem 15 . 31 converts this into a quantitative statement: there 
exists another family of potentials {/m}m>i such that 

(68) max = 0, Qh{Kx + S + B) + V^ddU > --UJ 

X m 

together with 

2 

fm\s > C + log|M|™0 

where C is a constant independent of m. Under these circumstances, 
we invoke the same arguments as at the end of the preceding paragraph 
to infer that some subsequence {/m^} of {fm} will converge in to 
the potential /oo, as an upper regularized limit 

foo{z) = limsup lim fm,{x) 

for every z E X. 

The properties of the limit f^o are listed below: 

(69) foo\s>C + log Qh{Kx + S + B) + V^ddU > 0- 

We remark at this point that the metric e~^°°h constructed here plays 
in the proof of Theorem 15.31 the same role as the metric ho in the 
arguments we have provided for (15.11) . 
The rest of the proof is routine: we write 

mo{Kx + S + B)=Kx + S + F 

where we use the following notation 

(70) F :=B + {mo-l){Kx + S + B). 

We endow the hne bundles Ox{F) and Ox{S) respectively with the 
metrics 

ipF ■= + {mo - l)(poo 

and 

where h^o = e~''^°° is the metric given by e~-^°°/i; here we denote 

/oo := max(/oo,rD) 
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SO that (as usual) we assume that 

(71) V^oo > V^p + ^z^^logl/vi/J^ 

j 

and S = Yi. 

Then the requirements of (14.11) are easily checked, as follows: 

• We have Ispe"'^'^ < 1 by relation (17T|) above, and moreover we have 
the equality 



— {'^oc-'^p-Y^ log \fw,?) 



from which one can determine the hermitian bundles {Gi,e~'^°i). 

• There exists eo > and C such that 

^F<e,{Y,^nog\fw,?) + C 

because of the presence of the term in the expression of (/^f; hence 
fl22|) is satisfied. 

• Qhp{F) > by property fl69|) . and for a > 1/z/^ we have 
(72) QhAF) - loHsiS) > 

and we remark that the right hand side curvature term is greater than 
0. 

• We have 

|^|2g-</5s-{mo-l)</3oo ^ Q 

by relation flB^ . Indeed, as a consequence of fl^ we have 

SO the convergence of the preceding integral is due to the fact that 
{S,B\s) is kit. 

Therefore, we can apply Theorem (14. ip and obtain an extension of u. 
Theorem 11.71 is proved. □ 



Remark 5.7. In fact, the metric (152|) of the line bundle Ox{F) has 
strictly positive curvature, but the amount of positivity this metric has 
is T^OJ, and the estimates for the extension we obtain under these 
circumstances are not useful, in the sense that the constant C{6) in 
( 156|) becomes something like Ck"^. 
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6. Further consequences, I 

In this section we derive a few results which are related to Theorem 
11.71 Up to a few details (which we will try to highlight), their proof is 
similar to that of (11. 7p . so our presentation will be brief. 

We first remark that the arguments in Sections 4 and 5 have the 
following consequence. 

Theorem 6.1. Let {S,Yj} be a finite set of hypersurfaces having nor- 
mal crossings. Let B = ^ VYj where < < 1 is a set of rational 
numbers, such that: 

(i) The bundle Kx + S + B is pseudo- effective, and S ^ N„{Kx + 
S + B). 

(ii) We have Kx + S + B = J2j ^^^j, where > and S C 
Supp(E t'^Wj) C Supp(5 + B). 

Then Kx + S + B admits a metric h = e~'^ with positive curvature and 
well-defined restriction to S . 

As one can see, the only modification we have to operate for the proof 
of (II. 7p is to replace the family of sections m®^ ® sa with a family of 
sections approximating a closed positive current on S, whose existence 
is insured by the hypothesis (i). 

The next statement of this section is an M- version of (11.71) . 

Theorem 6.2. Let {S,Yj} be a finite set of hypersurfaces having nor- 
mal crossings. Let < b' < 1 be a set of real numbers. Consider the 
]S.-divisor B := '^jb^Yj, and assume that the following properties are 
satisfied. 

(a) The M.-bundle Kx + S+B is pseudo-effective, and S ^ N(j{Kx + 
S + B). 

(b) There exists an effective W- divisor u^Wj, numerically equiv- 
alent with Kx + S + B, such that S C {Wj} C Supp(S' + B). 

(c) The bundle Ks + B\s is ^.-linearly equivalent to an effective 
divisor say D := J^j f^''Zj, such that '/r*(D) + E\g >E (we use 
here the notations and conventions of (ll.7p ). 

Then Kx + S + B is M.-linearly equivalent to an effective divisor whose 
support do not contain S. 

Proof. By a completely standard Diophantine approximation argument, 
we deduce the following fact. For any rj > 0, there exists rational num- 
bers 6^, z/^ and fii^ such that the following relations are satisfied. 

• We have Kx + S + B^ = i^^W,', where B^ := V^Yj; 

• The bundle Ks + Brj\s is Q-linearly equivalent to fi{jZj; 
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• Let be the common denominator of bi^, and /i^; then we 
have 

(73) q,j\\br, - b\\ < 1], qr,\W^ - < V, Qvllf^r, - f^W < V- 

Let E H'^(^S,Os{qri{Ks + Bj^ls))) be the section associated to the 
divisor ^jfJ^i^Zj. We invoke again the extension theorems in [HMlOj 
(see also |Paun08t l.H, l.G]): as a consequence, the section 

of the bundle kr^qri{K s + Bn) + qrjA extends to X, where kr, is a sequence 
of integers such that fc^ — )■ cxd as r/ -t- 0. 

We use the corresponding extensions {f/j*"'^'"''''''}i=i,...,M^ in order to 
define a metric /i^ on 

Kx + S + B^ + ^A, 
with semi-positive curvature current, and whose restriction to S is 

_2_ 

equivalent with log . 

The proof of Theorem 15.31 shows that for each 77 > 0, there exists a 
function G L^{X) such that 

(1^) We have max^ = 0, as well as QhiKx + S + B) + \/^ddfr, > 
2 

(2^) The restriction fr,\s is well-defined, and we have 

(74) /,U>C + log|M,|i. 

Passing to a subsequence we may assume that there is a limit of 
hence we infer the existence of a function f^c, such that Qh{Kx + S + 
B) + y/^ddfoo > 0, and such that 

(75) Us>C + \og(^l[\fzf'' 

3 

We will next use the metric := e~^°^h in order to extend the section 

above, as soon as 77 is small enough. We write 
(76) 

g,(irx + 5+5,) = irx + 5+5, + (g,-l)(Kx + S+5) + (g,-l)(5,-5). 

Consider a metric on := i?^ + (g^ — l)(_ft'x + 5' + i?) + (g^ — l)(i?^ — i?) 
given by the following expression 

(77) i^vbi, - - ^W) log |/y,r + (g, - l)^s^. 
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In the expression above, we denote by ipf^ the local weight of the metric 
/loo- By the maximum procedure used e.g. at the end of the proof of 
fl5.3p . we can assume that 



(78) ¥'/..>log(ni/i 



The metric in (177|1 has positive curvature, and one can easily check 
that the other curvature hypothesis are also verified (here we assume 
that ?7 <C 1, to insure the positivity of q^V^ — (g^ — 1)6^ for each j). The 
integrability requirement fl23|) is satisfied, since we have 



(79) / ^ ^ 

for all ?7 ^ 1, by the Dirichlet conditions at the beginning of the proof. 
Hence each section extends to X, and the proof of (16.21) is finished 
by the usual convexity argument. □ 

Our last statement concerns a version of (11.71) whose hypothesis are 
more analytic; the proof is obtained mutatis mutandis. 

Theorem 6.3. Let {S,Yj} be a finite set of hypersurfaces having nor- 
mal crossings. Let < < 1 be a set of rational numbers. Consider 
the Q-divisor B := "^jb^Yj, and assume that the following properties 
are satisfied. 

(a) The bundle Kx + S + B is pseudo- effective, and S ^ Ncr{Kx + 
S + B). 

(b) There exists a closed positive current T G {Kx + S + B} such 
that 

(b.l) We have T = I'^IS] + At, with ui > and At is positive. 
(b.2) The following inequality holds 

(80) Eq^PAt >^b-C 

where Sq and C are positive real numbers. 

(c) The bundle m^i^Ks + B) has a section u, whose zero divisor D 
satisfies the relation -n*{D)+E\^ >E (we use here the notations 
and conventions in (11.71) ). 

Then the section u extends to X ; in particular, the bundle Kx + S + B 
"is Q,- effective, and moreover it has a section non-vanishing identically 
on S . 

We remark here that in the proof of statement (16. 3p we are using the 
full force of Theorem 14.11 The hypothesis above corresponds to the 
fact that {Wj} d {S,Yj} in ([LTD. 
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7. Proof of Theorem 11.41 

We begin by proving fll.Sp : 

Proof of ([LHD. Let / : X' ^ X be a log resolution of {X, S + B) and 
write Kx' + S' + B' = f*{Kx + S + B) + E where S' is the strict 
transform of S, B' and E are effective Q-divisors with no common 
components. Then (X', S' + B' + eE) is also a log smooth pit pair 
for some rational number < e ^ 1. We may also assume that the 
components of B' are disjoint. 

Since Kx + S + B is pseudo-effective, so is Kx' + S' + B' + eE. Since 
Kx + S + B is nef, N,{Kx + 5 + 5) = and so 

N^{Kx' + S' + B' + eE)=N^{f*{Kx + S + B) + {l + e)E) = {l + e)E. 

In particular 5" is not contained in Ncr{Kx' + S' + B' + eE) and 

N^{\\Kx' + S' + B' + eE\\s') = {l + e)E\s' so that 

E = {B' + eE)\s' A (1 + e)E\s' = eE\s'. 

Since there is an effective Q-divisor D ~q Kx + S + B such that 
S C Supp(D) C Supp(5 + B), then D' = f*D + (1 + e)E ~q Kx' + 
S' + B' + eE is an effective Q-divisor such that S' C Supp(i^') C 
Snpp{S' + B' + eE). By ([TT]), 

\m{Kx' + S' + B' + eE)\s' D \m{Ks' + B'\s' + E\s')\ + meE 

for any m > sufficiently divisible. Let a G H^{S, Osijn^Ks + Bg))) 
and a' G H^{S' ,Os'{m{Ks'+B'\s' + {l + e)E\s>))) be the corresponding 
section. By what we have seen above, this section lifts to a section 
a' G H%X',Ox'{m{Kx' + S' + B' + {1 + e)E))). Let a = f,a' G 
H^{X,Ox{m{Kx + S + B))),th.eYia\s = (T. □ 

Theorem 11.41 is an immediate consequence of the following: 

Theorem 7.1. Assume fll.3p ^ and assume fll.2p „-i for semi-dlt log 
pairs. Let (X, A) he an n-dimensional kit pair such that n{Kx + ^) > 
then (X, A) has a good minimal model. 

Proof. We proceed by induction on the dimension. In particular we 
may also assume that fll.ll) ^_i holds. 

If k{Kx + A) = dimX, then (X, A) has a good minimal model by 
[BCiHMin] . 

If < k{Kx + A) < dimX, then (X, A) has a good minimal model 

by pITn] . 

We may therefore assume that k{Kx + A) = 0. We write Kx + A ~q 
D > 0. Passing to a resolution, we may assume that (X, A + D) is log 
smooth. We will need the following. 

Lemma 7.2. If D = 'Ylii^i diDi, then it suffices to show that (X, A') 
has a good minimal model where A' is a Q-divisor of the form A' = 
A + ^ QiDi such that Qi > are positive rational numbers and either 
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(1) (X, A') IS kit, or 

(2) (X, A') is dlt and Qi > for alii e I . 

Proof. If Qi > for all i ^ I, then for any rational number < e <^ 1, 
we have (1 - e){Kx + A') ~q Kx + A' - t{D + ^ c/iA) where 

A < A" := A' -e{D + Y^ 9^Di) < A' 

and (X, A") is kit. Since Kx + A" ~q (1 - e){Kx + A'), then (X, A') 
has a good minimal model if and only if (X, A") has a good minimal 
model. Replacing A' by A", we may therefore assume that (X, A') is 
kit. 

Note that 

Kx + A < Kx + A' < Kx + A + gD {1 + g){Kx + A) 

for some rational number > 0. Therefore, k{Kx + A') = 0. In 
particular, by ([1]), 

Fix(Kx + A') = Snpp{D + A' - A) = Supp(D). 

Suppose that (X, A') has a good minimal model : X X'. Passing 
to a resolution, we may assume that is a morphism and that 

Supp(D) = Fi^{Kx + A') = Exc(0) 

where Fix denotes the support of the divisors contained in the stable 
base locus. 

We now run a Kx + A-minimal model program with scaling over 
X'. By [BCHMlOj (cf. ([23D and ([53])), this minimal model program 
terminates. Therefore, we may assume that Fix{Kx + A/X') = 0. 
Since D is exceptional over X', if D ^ 0, then by |B(^HMin[ 3.6.2.1], 
there is a component F of D which is covered by curves S such that 
D ■ S < 0. This implies that Fi:>i{Kx + A/X') = Fix(D/X') is non- 
empty; a contradiction as above. Therefore, D = and hence Kx + 
A ~Q 0. □ 

We let S* = ^ Si be the support of D and we let S* + -B = 5 V A (i.e. 
multp(S' + B) = max{multp(5'),muhp(A)}) andG = D + S + B-A 
so that Kx + S + B G > and Supp(G) = Supp(5). By (17:21) . 
it suffices to show that (X, S + B) has a good minimal model. We 
now run a minimal model program with scaling of a sufficiently ample 
divisor. By fll.6P r,_i and fl2.7P r,. this minimal model terminates giving 
a birational contraction (p : X --->• X' such (X', 5" + B' := 0^,(5* + B)) 
is dlt and Kx' + S' + B' is nef. 

If ^' = 0, then Kx' + ^' + 5' ~q and we are done by (17:21) . 
Therefore, we may assume that S' ^ 0. Note that if we let Ks' + B'g, := 
{Kx' + S' + B')\s' then the pair {S',B'g,) is semi-dh. By ([LSDn-i, we 
have that H'^{S' ,Os'{m{Ks' + B'^,))) ^ for all sufficiently divisible 
integers m > 0. By ([ODn, the sections of Os'{m{Ks' + B'^,))) 
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extend to H%X' ,Ox'{m{Kx' + S' + B'))) = H%X',Ox'{mG')) and 
hence S' ^ Supp(G") contradicting the fact that k{G') = 0. 

□ 

8. Further remarks 

The goal of this section is to show that assuming the Global ACC 
Conjecture (cf. (18.21) below), one can reduce (11.21) to the following 
weaker conjecture: 

Conjecture 8.1. Let X be a smooth projective variety. If Kx is 
pseudo-effective then k{Kx) > 0. 

We will need the following: 

Conjecture 8.2 (Global ACC). Let d E N and I C [0,1] be a set 
satisfying the ACC. Then there is a finite subset Jo C / such that if 

(1) X is a projective variety of dimension d, 

(2) (X, A) is log canonical, 

(3) A = ^ 6iAi where 6i G /, 

(4) Kx + A = 0, 

then 6i E Iq. 

Remark 8.3. Recall that a set satisfies the ACC (i.e. the ascending 
chain condition) if any non decreasing sequence is eventually constant. 
A proof of (18. 2p has been announced by Hacon, M'^Kernan and Xu. 
They also show that (18. 2 p implies the ACC for log canonical thresholds 
cf. (1131) below. 

Conjecture 8.4 (ACC for LCTs). Let d e n, V d [0,1] be a set 
satisfying the DCC and S C M>o be a finite set. Then the set 

{lct(D, X, A) I (X, A) is Ic, dim X = d, A e T, D E S] 

satisfies the ACC. Here D is M.-Cartier and A G F (resp. D E S) 
means A = ^^jAj where Si E T (resp. D = J^^iDi where di E S) 
and lct(D,X, A) = sup{t > 0\{X,A + tD) is Ic}. 

Remark 8.5. Following [BirkarOT] it seems likely that (II. 2p in dimen- 
sion n and (18. 4 p in dimension n — 1 imply the termination of flips for 
any pseudo- effective n-dimensional Ic pair. 

Definition 8.6. Let (X, A) be a projective kit pair and G an effective 
Q-Cartier divisor such that Kx + A + is pseudo-effective for some 
t > 0. 

Then the pseudo- effective threshold r = r(X, A; G) is given by 

T = mf{t > 0\Kx + A + tG is pseudo — effective}. 

Proposition 8.7. Assume (18. 2p . If r = r(X, A; G) is the pseudo- 
effective threshold positive, then r is rational. 
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Proof. We may assume that r = t{X, A;G) > 0. Fix an ample divisor 
A on X and for any < x < t let y = y{x) = t{X,A + xG;A). 
Then y{x) is a continuous function such that ?/(r) = and y{x) G Q 
for all rational numbers < x < r; moreover, for all < x < r, 
the Kx + A + xG minimal model program with scaling ends with a 
Kx + A + xG + ?/y4-trivial Mori fiber space g o f : X ^ Zx (cf. 

[BCiHMin] or ([23D). Let F = he the general fiber of g, then 

Kf + Af + xGf + yAp := {Ky, + /,(A + xG + yA))\F = 

and Kf + Af + tGf is pseudo-effective. Therefore Kf + Af + tiGf = 
for some x < r] = rj{x) < r. By (18.21) . we may assume that rj = rj{x) is 
constant and hence rj = r. In particular r G Q. □ 

Theorem 8.8. Assume ^^n-i, dHUDn and (On- Let (X, A) he an 

n-dimensional kit pair such that Kx + A is pseudo-effective. Then 
k{Kx + A) > 0. 

Proof. We may also assume that Kx is not pseudo-effective and A 7^ 0. 
Replacing X by a birational model, we may assume that {X, A) is log 
smooth. Let r = r(X,0;A). Note that r > 0. By ([H2D and its 
proof, there is a birational contraction / : X F, a rational number 
r > and a Kx + rA-trivial Mori fiber space Y ^ Z. (Here, for 
< r — X ^ 1, we have denoted fx by /, Y^ by Y and Z^ by Z.) 

Assume that dimX > dimZ > 0. After possibly replacing X by 
a resolution, we may assume that / : X — )■ F is a morphism. Let 
C be a general complete intersection curve on F the general fiber of 
y — 7- Z. We may assume that C fl /(Exc(/)) = and so we have an 
isomorphism C' = f~^{C) C. Thus 

{Kx + r A) • C' = {Ky + r/, A) ■ C = 0. 

In particular Kx + tA is not big over Z. Since dim(X/Z) < dimX, by 
(ILip -n-i . we may assume that the general fiber of (X, rA) has a good 
minimal model over Z. By |LailOj . we have a good minimal model 
h:X--^WfoT (X, A) over Z. Let 

r:W := FToizR{Kw + tKA) 

he the corresponding morphism over Z. By |Ambro05l 0.2], we may 
write Kw + t/i*A = r*{Kv + By) where (V, By) is kit. By induction 
on the dimension K,{Ky + By) > 0. Therefore 

k{Kx + A) > k{Kx + tA) = K{Ky + By) > 0. 

Therefore, we may assume that dimZ = (for all < r — x <C 1). 
We claim that we may assume that / is Kx + r A-non-positive. Grant 
this for the time being, then by the Negativity Lemma (since Ky+rf^A 
is nef) it is easy to see that k{Kx + tA) = ^{Ky + t/*A) (cf. (12.11) ). 
But as p{Y) = 1, we have that K,{Ky + t/*A) > as required. To see 
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the claim, we first of all notice that for some fixed < y = y{x) 1 
and any < r — x' ^ r — x, we have 

Supp{N^iKx + tA)) = SnMNAKx + r A + yA)) 

D Supp{N^{Kx + x'A + y'A)) 

(since {T—x')A+{y—y')A is ample). It follows that we may assume that 
Supp{N„{Kx + XiA + yiA)) is fixed for some sequence < < r where 
yi = y{xi) and limxj = r. Thus, we may assume that all Yi := Y^- are 
isomorphic in codimension 1. As observed above, we may also assume 
that dimZj = and hence Ky^ + /j^(xjA + yiA) = 0. Let E be any 
/-exceptional divisor for / : X y := Yi. We must show that / is 
Kx + rA-non-positive i.e. that a{E,Y,Tf^A) > a{E, X,tA). For any 
i > 0, since Ky^ + fi^{xiA + yiA) = 0, we have 

a{E,YJ,{x^A + y,A)) = a{E,Y,Ji,{x^A + yiA)) < a{E, X, XiA + yiA). 
Passing to the limit, we obtain the required inequality. 

□ 

Finally we recall the following important application of the existence 
of good minimal models. 

Theorem 8.9. Assume (11.11) . Let X be a smooth projective variety 
and Aj be Q-divisors on X such that ^ Aj has simple normal crossings 
support and [AjJ = 0. Let C C {A = ^tjAj|0 < tj < 1} be a rational 
polytope. 

Then there are finitely many birational contractions 0j : X --->• Xj 
and finitely many projective morphisms ipij : Xi Zi^ ( surjective with 
connected fibers) such that if A E C and Kx + A is pseudo-effective, 
then there exists i such that (pi : X --">■ Xi is a good minimal model of 
{X,A) and j such that Zij = PToiR{Kx + A). Moreover, the closures 
of the sets 

Aij = {A = ^tiAi\Kx + A ~iR ^ijHij, with Hij ample on Zij} 
are finite unions of rational polytopes. 

Proof. The proof follows easily along the lines of the proof of jBCHMlOl 
7.1]. We include the details for the benefit of the reader. We may work 
locally in a neighborhood C of any A as above. Let : X F be a 
good minimal model of Kx + A and : Y ^ Z = PYoiR{Kx + A) so 
that Ky+cp^A ~]R,2 0. Since (p is ^-negative, we may assume that 
the same is true for any A' G C (after possibly replacing C by a smaller 
subset). We may therefore assume that for any A' G C, the minimal 
models of (X, A) and (Y,(p^A') coincide (cf. [B(:;HMin[ 3.6.9, 3.6.10]). 
Therefore, we may replace X by Y and hence assume that Kx + A is 
nef. Let Kx + A ~ir ip*H where H is ample on Z and ip : X ^ Z. 
Note that there is a positive constant 6 such that H ■ C > 6 for any 
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curve C on Z. We claim that (after possibly further shrinking C), for 
any A' G C, we have that Kx + A' is nef if and only if it is nef over Z. 

To this end, note that if {Kx + A') • C < and {Kx + A) ■ C > 0, 
then {Kx + A*) • C < where A* = A + t(A' - A) for some t > 
belongs to the boundary of C. But then, by (12.81) . we may assume that 
-{Kx + A*)-C< 2dimX. Since {Kx + A) ■ C = H ■ > S it 
follows easily that this can not happen for A' in any sufficiently small 
neighborhood A C C C C. We may replace C by C and the claim 
follows. 

Therefore, it suffices to prove the relative version of the Theorem 
over Z cf. [BCHM10| 7.1]. By induction on the dimension of C, we 
may assume the theorem holds (over Z) for the boundary of C. For 
any A 7^ A' G C we can choose 6 on the boundary of C such that 

e-A = A(A'-A), 0<A. 

Since Kx + A ^m.,z 0, we have 

Kx + &r^R,z HKx + A'). 

Therefore Kx + O is pseudo-effective over Z if and only if Kx + A' is 
pseudo-effective over Z and the minimal models over Z of Kx + © and 
Kx + A' coincide (cf. |BCHM10l 3.6.9, 3.6.10]). It is also easy to see 
that if ^' : X — )■ Z' is a morphism over Z, then Kx + © ~r ip'*!!' for 
some ample divisor H' on Z' if and only if Kx + A' ~]r il)'*{\H'). The 
theorem now follows easily. □ 

Theorem 8.10. Assume (11.11) . Let X he a smooth projective variety 
and Ai he Q-divisors on X such that ^ Aj has simple normal crossings 
support and [AJ = 0. Then the adjoint ring 

R{X;Kx + A,,...,Kx + Ar) 

is finitely generated. 

Proof. This is an easy consequence of (18. 9p . see for example the proof 
of [BC^HMini 1.1.9]. □ 

Corollary 8.11. With the notation of (18.91) . Let P he any prime 
divisor on X and the intersection of C with the pseudo- effective 
cone. Then the function ap : ^ M>o is continuous and piecewise 
rational affine linear. 

Proof. Immediate from (18.91) . □ 
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